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We propose a heuristic uniﬁcation of dark matter and dark energy in terms of a single “dark ﬂuid” with 
a logotropic equation of state P = A ln(ρ/ρP ), where ρ is the rest-mass density, ρP = 5.16 × 1099 gm−3
is the Planck density, and A is the logotropic temperature. The energy density  is the sum of a rest-
mass energy term ρc2 ∝ a−3 mimicking dark matter and an internal energy term u(ρ) = −P (ρ) − A =
3A lna + C mimicking dark energy (a is the scale factor). The logotropic temperature is approximately 
given by A  ρc2/ ln(ρP /ρ)  ρc2/[123 ln(10)], where ρ = 6.72 × 10−24 gm−3 is the cosmological 
density and 123 is the famous number appearing in the ratio ρP /ρ ∼ 10123 between the Planck density 
and the cosmological density. More precisely, we obtain A = 2.13 × 10−9 gm−1 s−2 that we interpret as 
a fundamental constant. At the cosmological scale, our model fulﬁlls the same observational constraints 
as the CDM model (they will differ in about 25 Gyrs when the logotropic universe becomes phantom). 
However, the logotropic dark ﬂuid has a nonzero speed of sound and a nonzero Jeans length which, at 
the beginning of the matter era, is about λ J = 40.4 pc, in agreement with the minimum size of the dark 
matter halos observed in the universe. The existence of a nonzero Jeans length may solve the missing 
satellite problem. At the galactic scale, the logotropic pressure balances the gravitational attraction, 
providing halo cores instead of cusps. This may solve the cusp problem. The logotropic equation of state 
generates a universal rotation curve that agrees with the empirical Burkert proﬁle of dark matter halos 
up to the halo radius. In addition, it implies that all the dark matter halos have the same surface density 
0 = ρ0rh = 141 M/pc2 and that the mass of dwarf galaxies enclosed within a sphere of ﬁxed radius 
ru = 300 pc has the same value M300 = 1.93 × 107 M, in remarkable agreement with the observations 
[Donato et al. [10], Strigari et al. [13]]. It also implies the Tully–Fisher relation Mb/v4h = 44 M km−4 s4. 
We stress that our model has no free parameter.
© 2016 The Author. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.1. Introduction
The nature of dark matter (DM) and dark energy (DE) is still 
unknown and remains one of the greatest mysteries of modern 
cosmology. DM has been introduced in astrophysics to account 
for the missing mass of the galaxies inferred from the virial the-
orem [1] and to explain their ﬂat rotation curves [2]. DE has 
been introduced in cosmology to account for the present accel-
eration of the expansion of the universe [3]. In the standard cold 
dark matter (CDM) model, DM is represented by a pressureless 
ﬂuid and DE is ascribed to the cosmological constant  intro-
duced by Einstein [4]. The CDM model works remarkably well 
at the cosmological scale and is consistent with ever improving 
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SCOAP3.measurements of the cosmic microwave background (CMB) from 
WMAP and Planck missions [5,6]. However, it encounters serious 
problems at the galactic scale. In particular, it predicts that DM 
halos should be cuspy [7] while observations reveal that they have 
a ﬂat core [8]. On the other hand, the CDM model predicts 
an over-abundance of small-scale structures (subhalos/satellites), 
much more than what is observed around the Milky Way [9]. 
These problems are referred to as the “cusp problem” and “miss-
ing satellite problem”. The expression “small-scale crisis of CDM” 
has been coined.
There are also unexplained important observational results. For 
example, it is an empirical fact that the surface density of galaxies 
has the same value 0 = ρ0rh = 141+83−52 M/pc2 even if their sizes 
and masses vary by several orders of magnitude (up to 14 orders 
of magnitude in luminosity) [10]. On the other hand, it is known 
that the asymptotic circular velocity of the galaxies is related to under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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47 ± 6 M km−4 s4 [11,12]. Finally, Strigari et al. [13] have shown 
that all dwarf spheroidal galaxies (dSphs) of the Milky Way have 
the same total DM mass contained within a radius of ru = 300 pc. 
From the observations, they obtained log(M300/M) = 7.0+0.3−0.4. To 
our knowledge, there is no theoretical explanation of these obser-
vational results.
The small scale problems of the CDM model are related to 
the assumption that DM is pressureless. This assumption is valid if 
DM is made of weakly interacting massive particles (WIMPs) with 
a mass in the GeV–TeV range. These particles freeze out from ther-
mal equilibrium in the early universe and, as a consequence of this 
decoupling, cool off rapidly as the universe expands. In order to 
solve the small-scale crisis of CDM, some authors have developed 
alternative models of DM. For example, it has been proposed that 
DM halos are made of fermions (such as sterile neutrinos) with 
a mass in the keV range [14,15], or bosons (such as axions) in 
the form of Bose–Einstein condensates (BECs) with a mass ranging 
from 10−2 eV to 10−22 eV depending whether the bosons inter-
act or not [16,17]. In these models, the quantum pressure prevents 
gravitational collapse and leads to cores instead of cusps.1 These 
models sometimes provide a good ﬁt of the rotation curves of 
galaxies but they do not explain the universality (and the values) 
of 0, Mb/v4h , and M300.
On the other hand, at the cosmological scale, despite its suc-
cess at explaining many observations, the CDM model has to face 
two theoretical problems. The ﬁrst one is the cosmic coincidence 
problem, namely why the ratio of DE and DM is of order unity to-
day if they are two different entities [19]. The second one is the 
cosmological constant problem [20]. The cosmological constant 
is equivalent to a constant energy density  = ρc2 = c2/8πG
associated with an equation of state P = − involving a negative 
pressure. Some authors [21] have proposed to interpret the cosmo-
logical constant in terms of the vacuum energy. Cosmological ob-
servations lead to the value ρ = /8πG = 6.72 × 10−24 gm−3 of 
the cosmological density (DE). However, particle physics and quan-
tum ﬁeld theory predict that the vacuum energy should be of the 
order of the Planck density ρP = c5/h¯G2 = 5.16 × 1099 gm−3. The 
ratio between the Planck density ρP and the cosmological density 
ρ is
ρP
ρ
∼ 10123, (1)
so these quantities differ by 123 orders of magnitude! This is the 
origin of the cosmological constant problem.2 To circumvent this 
problem, some authors have proposed to abandon the cosmolog-
ical constant  and to explain the acceleration of the universe 
in terms of a dark energy with a time-varying density associated 
with a scalar ﬁeld called “quintessence” [22]. As an alternative to 
quintessence, Kamenshchik et al. [23] have proposed a heuristic 
uniﬁcation of DM and DE in terms of an exotic ﬂuid with an equa-
tion of state P = −A/ called the Chaplygin gas. This equation 
of state provides a model of universe that behaves as a pres-
sureless ﬂuid (DM) at early times, and as a ﬂuid with a constant 
energy density (DE) at late times, yielding an exponential acceler-
ation similar to the effect of the cosmological constant. However, 
in the intermediate regime of interest, this model does not give 
a good agreement with the observations [24] so that various gen-
eralizations of the Chaplygin gas model have been considered. In 
1 In the context of the classical CDM model, dark matter cusps may be erased by 
baryonic feedback [18].
2 Actually, the vacuum energy that is of the order of the cut-off in the quantum 
ﬁeld theory ranges from the TeV scale (for SUSY, large extra dimensions) to the 
Planck scale. This reduces the discrepancy from 123 to ∼ 60 orders of magnitude.this Letter, we propose a new uniﬁcation of DM and DE based on 
a logotropic equation of state [25]. This model is consistent with 
cosmological (large scales) and astrophysical (small scales) obser-
vations. In particular, it predicts the correct values of 0, Mb/v4h , 
and M300 with a remarkable accuracy, and without free parameter.
2. Logotropic cosmology
2.1. The logotropic dark ﬂuid
The Friedmann equations for a ﬂat universe without cosmolog-
ical constant are [26]:
d
dt
+ 3 a˙
a
( + P ) = 0, H2 =
(
a˙
a
)2
= 8πG
3c2
, (2)
where (t) is the energy density, P (t) is the pressure, a(t) is the 
scale factor, and H = a˙/a is the Hubble parameter.
For a relativistic ﬂuid at T = 0, or for an adiabatic evolution 
(which is the case for a perfect ﬂuid), the ﬁrst law of thermody-
namics reduces to [26]:
d = P + 
ρ
dρ, (3)
where ρ is the rest-mass density. Combined with the equation of 
continuity (2), we get
dρ
dt
+ 3 a˙
a
ρ = 0⇒ ρ = ρ0
a3
, (4)
where ρ0 is the present value of the rest-mass density, and the 
present value of the scale factor is taken to be a0 = 1. This equa-
tion, which expresses the conservation of the rest-mass, is valid for 
an arbitrary equation of state.
For an equation of state speciﬁed under the form P = P (ρ), 
Eq. (3) can be integrated to obtain the relation between the energy 
density  and the rest-mass density. We obtain
 = ρc2 + ρ
ρ∫
P (ρ ′)
ρ ′2
dρ ′ = ρc2 + u(ρ), (5)
where the constant of integration is set equal to zero. We note that 
u(ρ) can be interpreted as an internal energy density. Therefore, 
the energy density  is the sum of the rest-mass energy ρc2 and 
the internal energy u(ρ). The rest-mass energy is positive while 
the internal energy can be positive or negative. Of course, the total 
energy  = ρc2 + u(ρ) is always positive.
We assume that the universe is ﬁlled with a single dark ﬂuid 
(DF) described by the logotropic equation of state
P = A ln
(
ρ
ρP
)
. (6)
It will be called the Logotropic Dark Fluid (LDF). A priori, we have 
two unknown parameters in our model: a reference energy density 
A (logotropic temperature) and a reference mass density ρP . Using 
Eqs. (5) and (6), the relation between the energy density and the 
rest-mass density is
 = ρc2 − A ln
(
ρ
ρP
)
− A = ρc2 + u(ρ). (7)
The energy density is the sum of two terms: a rest-mass en-
ergy term ρc2 ∝ a−3 that mimics DM and an internal energy 
term u(ρ) = −P (ρ) − A = 3A lna − A ln(ρ0/ρP ) − A that mim-
ics DE. This decomposition leads to a natural, and physical, uni-
ﬁcation of DM and DE and elucidates their mysterious nature. 
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P = −u − A. Combining Eqs. (6) and (7), we obtain  = ρP c2eP/A −
P − A which determines, by inversion, the equation of state P (). 
From Eqs. (4), (6) and (7), we get P = A ln(ρ0/ρPa3) and  =
ρ0c2/a3 − A ln(ρ0/ρPa3) − A. We note that the internal energy 
u = −A ln(ρ/ρP ) − A is positive for ρ < ρP /e and negative for 
ρ > ρP /e.
In the early universe (a → 0, ρ → +∞), the rest-mass energy 
(DM) dominates, so that
 ∼ ρc2 ∼ ρ0c
2
a3
, P ∼ A ln
(

ρP c2
)
. (8)
For small values of the scale factor, we recover the results of the 
CDM model (P = 0) since  ∝ a−3.3 In the late universe (a → +∞, 
ρ → 0), the internal energy (DE) dominates, and we have
 + A ∼ −A ln
(
ρ
ρP
)
∼ A ln
(
ρPa3
ρ0
)
, P + A ∼ −. (9)
We note that the equation of state P () behaves asymptotically as 
P ∼ − , similarly to the usual equation of state of DE. It is inter-
esting to recover the equation of state P = − from the logotropic 
model (6). This was not obvious a priori.
2.2. The logotropic temperature
Since, in our model, the rest-mass energy of the dark ﬂuid 
mimics DM, we identify ρ0 with the present density of DM. We 
thus set ρ0 = m,00/c2 = 2.54 × 10−24 gm−3, where 0/c2 =
3H20/8πG = 9.26 × 10−24 gm−3 is the present energy density of 
the universe (we have taken H0 = 70.2 kms−1 Mpc−1 = 2.275 ×
10−18 s−1) and m,0 = 0.274 is the present fraction of DM (we 
also include baryonic matter). As a result, the present internal en-
ergy of the dark ﬂuid u0/c2 = 0/c2 − ρ0 is identiﬁed with the 
present density of DE ρ = (1 − m,0)0/c2 = 6.72 × 10−24 gm−3
where ,0 = 1 − m,0 = 0.726 is the present fraction of DE.
Applying Eq. (7) at a = 1, we obtain the identity
ρP
ρ
= m,0
1− m,0 e
1+1/B , (10)
where we have introduced the dimensionless logotropic tem-
perature B = A/ρc2. This equation provides a relationship be-
tween ρP and B for known (measured) values of m,0 and 0
(through H0). Therefore, there remains only one unknown param-
eter in our model: ρP or B . We show below that B = 0 corre-
sponds to the CDM model. However, we now give an argument 
that B has a value different from zero. Therefore, the model se-
lected by our approach differs from the CDM model. Our argu-
ment is based on the following observation. The identity (10) is 
strikingly similar to Eq. (1) which appears in relation to the cos-
mological constant problem. Because of this analogy, we postulate 
that ρP is the Planck density ρP = 5.16 × 1099 gm−3. The identity 
(10) then determines the logotropic temperature B . Qualitatively, 
B  1/ ln(ρP /ρ)  1/[123 ln(10)]. This gives a new interpretation 
to the famous number 123  log(ρP /ρ) as being the inverse lo-
gotropic temperature. More precisely, we obtain
B = 1
ln
(
1−m,0
m,0
ρP
ρ
)
− 1
= 3.53× 10−3 (11)
3 This is because P 
  so the pressure can be neglected in the Friedmann equa-
tions (2). We stress, however, that the pressure is intrinsically nonzero. This has 
important consequences at small scales (i.e. at the scale of dark matter halos) and 
in the study of cosmological perturbations.and
A = B ρc2 = 2.13× 10−9 gm−1 s−2. (12)
As a result, there is no free (or adjustable) parameter in our 
model.4 Therefore, we can make deﬁnite predictions. From now 
on, we shall regard A as a fundamental constant that supersedes 
the cosmological constant.
After simple manipulations, the rest-mass density, the pressure, 
and the energy density of the LDF can be expressed in terms of B
as
ρc2
0
= m,0
a3
,
P

= −B − 1+ B ln
(
ρc2
0m,0
)
, (13)
P

= −B − 1− 3B lna, (14)

0
= ρc
2
0
+ (1− m,0)
[
1+ B ln
(
m,00
ρc2
)]
, (15)

0
= m,0
a3
+ (1− m,0)(1+ 3B lna), (16)

0
= m,0e(B+1)/BeP/B − (1− m,0)
(
P

+ B
)
. (17)
The CDM model corresponds to B = 0, i.e., /0 = ρc2/0 +
(1 − m,0), /0 = m,0/a3 + 1 − m,0, and P = − . The CDM 
model is equivalent to a constant negative pressure P = − [27]
and to the relation  = ρc2 +  between the energy density and 
the rest-mass density. According to Eq. (10), the condition B = 0
in the logotropic model corresponds to ρP = +∞, hence h¯ = 0. 
Therefore, the CDM model appears (in our approach) as a semi-
classical model corresponding to h¯ → 0. Since the Planck constant 
is small but nonzero (h¯ = 0), the parameter B has a nonzero value 
given by Eq. (11). This leads to a model different from the CDM 
model. The fact that the nonzero value of B predicted by our 
model is conﬁrmed by the observations (see Sec. 3) shows that 
quantum mechanics (h¯ = 0) plays a role in the present universe. 
This suggests a link with a theory of quantum gravity. It would 
therefore be important to develop a quantum ﬁeld theory (QFT) of 
the logotropic model.
2.3. Evolution of the logotropic universe
The relation between the energy density and the rest-mass den-
sity [see Eq. (15)] is plotted in Fig. 1. The evolution of the energy 
density with the scale factor [see Eq. (16)] is plotted in Fig. 2. 
The universe starts at a = 0 with an inﬁnite rest-mass density 
(ρ → +∞) and an inﬁnite energy density ( → +∞).5 The rest-
mass density decreases as a increases. The energy density ﬁrst 
decreases as a increases (i.e. ρ decreases), reaches a minimum 
M = −A ln(A/ρP c2) at aM = (ρ0c2/A)1/3 (i.e. ρM = A/c2), then 
increases as a increases (i.e. ρ decreases) further, and tends to 
 → +∞ as a → +∞ (i.e. ρ → 0). The branch a ≤ aM (i.e. ρ ≥ ρM ) 
corresponds to a normal behavior in which the energy density 
decreases as the scale factor increases. The branch a ≥ aM (i.e. 
4 This is at variance with other dark matter models, such as the fermionic and 
bosonic models, which depend on the mass m and scattering length as of the par-
ticles that are not known from ﬁrst principles. As shown in Appendix A, the value 
of B is known with great accuracy and the value of A is known with the accuracy 
of ρ . Therefore 	A/A < 10−2. Since the error is small, we shall not propagate it 
throughout the paper.
5 Of course, our model that attempts to unify DM and DE is only valid at suf-
ﬁciently late times, typically for a > ai ∼ 3 × 10−4, after the inﬂation and the 
radiation eras. Therefore, the limit a → 0 is here formal.
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logotropic model. It is compared with the relation  = ρc2 +  corresponding to 
the CDM model. The energy density presents a minimum (/0)M = 0.7405 at 
ρMc2/0 = 2.56 × 10−3 separating the normal universe and the phantom universe.
Fig. 2. Evolution of the energy density as a function of the scale factor in the lo-
gotropic model. It is compared with the CDM model. The energy density presents 
a minimum (/0)M = 0.7405 at aM = 4.75 separating the normal universe and 
the phantom universe. The bullets correspond to measurements of the Hubble pa-
rameter H/H0 = (/0)1/2 vs. redshift z + 1 = 1/a [29,30]. The relative difference 
between the logotropic model and the CDM model is totally negligible for a < 1. 
At a = aM , 	/ = 1.60 × 10−2.
ρ ≤ ρM ) corresponds to a phantom behavior [28] in which the en-
ergy density increases as the scale factor increases. We note that 
A is equal to the rest-mass energy at the point where the universe 
becomes phantom.
The evolution of the pressure with the scale factor [see Eq. (14)] 
is plotted in Fig. 3. The pressure decreases as a increases (i.e. ρ
decreases). It starts from P → +∞ at a = 0 (i.e. ρ → +∞,  →
+∞), vanishes at aw = (ρ0/ρP )1/3, achieves the value PM = −M
at aM (i.e. ρM , M ) and tends to P → −∞ as a → +∞ (i.e. ρ → 0, 
 → +∞). The equation of state P () [see Eq. (17)] is deﬁned for 
 ≥ M and has two branches corresponding to a normal universe 
(P ≥ PM ) and a phantom universe (P ≤ PM ), as shown in Fig. 4. 
Therefore, the equation of state P () is multi-valued.
The evolution of the equation of state parameter w = P/ with 
the scale factor a is plotted in Fig. 5.
The speed of sound cs , deﬁned by c2s = P ′()c2, is given by 
c2s /c
2 = 1/(ρc2/A − 1) = 1/[(aM/a)3 − 1]. It is real for a < aM (i.e. Fig. 3. Evolution of the pressure as a function of the scale factor in the logotropic 
model. It is compared with the CDM model where P = − . The pressure be-
comes negative at aw = 7.00 × 10−42. The point separating the normal universe 
from the phantom universe is located at aM = 4.75 and PM/ = −1.02.
Fig. 4. Equation of state P () of the logotropic model. It is compared with the equa-
tion of state P = − of the CDM model.
Fig. 5. Evolution of the equation of state parameter w = P/ with the scale factor 
in the logotropic model. It is compared with the equation of state parameter of the 
CDM model. They go from w = 0 when a → 0 to w = −1 when a → +∞. The 
logotropic universe becomes phantom (w < −1) after the phantom divide line (PDL) 
at aM = 4.75. By contrast, the CDM model remains always normal (w > −1).
when the universe is normal) and imaginary for a > aM (i.e. when 
the universe is phantom). The relation between the speed of sound 
and the scale factor is plotted in Fig. 6.
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For the CDM model, cs = 0. The speed of sound is equal to the speed of light 
(cs = c) at aS = aM/21/3 = 3.77. At the present time (a = a0 = 1), we have (cs/c)2 =
1/(a3M − 1) = 9.42 × 10−3.
Fig. 7. Temporal evolution of the scale factor in the logotropic model as compared to 
the CDM model. The age of the universe is t0 = 13.8 Gyrs. In the logotropic model, 
the universe accelerates at tc = 7.19 Gyrs, the speed of sound exceeds the speed of 
light at ts = 34.5 Gyrs, and the universe becomes phantom at tM = 38.3 Gyrs (at 
present w0 = P0/0 = −0.729).
Solving the Friedmann equation (2) with the energy den-
sity (16), we obtain the evolution of the scale factor repre-
sented in Fig. 7. For t → 0, we have a ∼ (3√m,0H0t/2)2/3, 
/0 ∼ 4/(9H20t2) and H = 2/3t as in the Einstein–de Sitter 
(EdS) model. For t → +∞, we have a ∝ e3B(1−m,0)H20t2/4, /0 ∼
[3B(1 − m,0)H0t/2]2 and H = 3B(1 − m,0)H20t/2. This asymp-
totic solution, which is valid in the regime where the universe is 
phantom, has a super-de Sitter behavior. There is no future ﬁnite 
time singularity (no Big Rip). The scale factor, the energy density 
and the pressure become inﬁnite in inﬁnite time (Little Rip). We 
also note that H˙ → 4πGA/c2 = 1.99 × 10−38 s−2 for t → +∞.
2.4. Cosmological implications
At the cosmological scale, the logotropic model is indistinguish-
able from the CDM model up to now (see Figs. 2, 5, and 7). Dif-
ferences will appear in about 25 Gyrs, corresponding to aM = 4.75, 
when the universe becomes phantom (this aspect will be devel-
oped in a forthcoming paper). However, this moment is very re-
mote in the future, and for the time being, the logotropic model and the CDM model behave similarly. Therefore, the logotropic 
model, like the CDM model, is consistent with all the cosmolog-
ical observations.
An important difference between the CDM model and the lo-
gotropic model concerns the speed of sound cs deﬁned by c2s /c
2 =
P ′(). In the CDM model, since P = 0 (actually, P = −), the 
speed of sound cs = 0. As a result, the Jeans length is zero (λ J = 0), 
implying that the homogeneous background is unstable at all 
scales so that halos of any size should be observed in principle. 
However, this is not the case. There does not seem to be halos with 
a size smaller than Rmin ∼ 10 pc (see Table 2 of [31]). Contrary to 
the CDM model, the logotropic model has a density dependent-
pressure, hence a nonzero speed of sound and a nonzero Jeans 
length. We can obtain an estimate of the Jeans length λ J at the 
beginning of the matter era where perturbations start to grow. We 
assume that the matter era starts at ai = rad,0/m,0 ∼ 3 × 10−4, 
corresponding to the epoch of matter-radiation equality. In this 
era, we can make the approximation   ρc2, so the comov-
ing Jeans wavenumber is given by k J = √4πGρa/cs [26], where 
c2s = P ′(ρ) = A/ρ . At ai = 10−4, we ﬁnd ρi = 2.54 × 10−12 gm−3
and (c2s /c
2)i = 9.33 × 10−15. This leads to a comoving Jeans length 
λ J = 2π/k J = 1.25 × 1018 m = 40.4 pc which is of the order of 
magnitude of the smallest known dark matter halos such as Will-
man I (rh = 33 pc) (see Table 2 of [31]).6 We predict that there 
should not exist halos of smaller size since the perturbations are 
stable for λ < λ J . This is in agreement with the observations. 
Therefore, a small but ﬁnite value of B , yielding a nonzero speed 
of sound and a nonzero Jeans length, is able to account for the 
minimum observed size of dark matter halos in the universe. It 
also puts a cut-off in the density power spectrum of the perturba-
tions and sharply suppresses small-scale linear power. This may be 
a way to solve the missing satellite problem.
3. Logotropic dark matter halos
The interest of the logotropic model becomes evident when it 
is applied to DM halos. We assume that DM halos are described 
by the logotropic equation of state (6) with the logotropic temper-
ature A = 2.13 × 10−9 gm−1 s−2 determined previously, viewed 
as a fundamental constant (see Appendix A). At the galactic scale, 
we can use Newtonian gravity. Combining the condition of hy-
drostatic equilibrium ∇ P + ρ∇
 = 0 with the Poisson equation 
	
 = 4πGρ , assuming spherical symmetry, and introducing the 
notations θ = ρ0/ρ and ξ = r/r0, where ρ0 is the central density 
and
r0 =
(
A
4πGρ20
)1/2
(18)
is the logotropic core radius, we obtain the differential equation
1
ξ2
d
dξ
(
ξ2
dθ
dξ
)
= 1
θ
(19)
with θ(0) = 1 and θ ′(0) = 0. It can be viewed as a Lane–Emden 
equation of index n = −1 [32]. This equation has a simple ana-
lytical solution ρs = (A/8πG)1/2r−1 called the singular logotropic 
sphere because it diverges at the origin [25].7 The regular solu-
6 If we consider the more relevant proper Jeans wavenumber k∗J =
√
4πGρ/cs , 
we get λ∗J = 2π/k∗J = 1.25 × 1014 m = 4.04 × 10−3 pc which is rather small. How-
ever, recent results (in preparation) show that the scale that has the maximum 
growth rate (due to relativistic effects) is (c2/3c2s )
1/4λ∗J  10 pc, which is of the 
order of the size of the smallest dwarf halos. Bigger halos may then be formed by 
hierarchical clustering.
7 We note, parenthetically, that this singular solution ∝ r−1 is similar to NFW 
cusps [7].
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r ≤ rh where the model is valid. It is compared with the Burkert proﬁle (dashed 
line). The relative error 	vc/vc is always smaller than 4.20 × 10−2.
tions must be computed numerically. They have a ﬂat core and 
behave as ρ ∼ (A/8πG)1/2r−1 for r → +∞.8 Since the logotropic 
spheres are homologous, they generate a universal DM proﬁle. In-
deed, if we rescale the density by the central density ρ0 and the 
radial distance by the core radius r0, we get an invariant density 
proﬁle 1/θ(ξ). We note that the total mass of a logotropic sphere 
is inﬁnite because of the slow decay of the density. This means 
that the logotropic distribution cannot describe the whole cluster. 
It is valid only in the core. At larger distances, we must take into 
account complex physical processes such as tidal effects and in-
complete relaxation that steepen the density proﬁle (see, e.g., [15]). 
It is usually found that the density proﬁles of DM halos decrease 
at large distances as r−3 like for the NFW and Burkert proﬁles 
[7,8]. Since we do not take these complicated processes into ac-
count, our logotropic model is only valid up to a few values of the 
core radius r0. However, this is suﬃcient to determine the physical 
characteristics of DM halos.
Using the Lane–Emden equation (19), the mass proﬁle M(r) =∫ r
0 ρ(r
′) 4πr′2 dr′ is given by M(r) = 4πρ0r30ξ2θ ′(ξ). The circular 
velocity deﬁned by v2c (r) = GM(r)/r can be expressed as v2c (r) =
4πGρ0r20ξθ
′(ξ). We deﬁne the halo radius rh as the radius at 
which ρ/ρ0 = 1/4 like in [8,14,15]. The dimensionless halo ra-
dius is the solution of the equation θ(ξh) = 4. We numerically ﬁnd 
ξh = 5.8458 and θ ′(ξh) = 0.69343. Then, rh = ξhr0. The normalized 
halo mass at the halo radius is given by
Mh
ρ0r3h
= 4π θ
′(ξh)
ξh
= 1.49. (20)
This value is relatively close to the value Mh/ρ0r3h = 1.60 [14,15]
obtained from the empirical Burkert proﬁle [8] that provides a 
good ﬁt of DM halos. On the other hand, the universal rotation 
curve predicted by the logotropic model is very close to the Burk-
ert proﬁle up to the halo radius, i.e. for r ≤ rh (see Fig. 8). Very 
recently, Burkert [33] observed that the density proﬁle of real DM 
halos behaves approximately as r−1 close to the halo radius. Inter-
estingly, we note that the exponent −1 precisely corresponds to 
the characteristic exponent of the logotropes.
8 Because of the pressure gradient, the logotropic density proﬁle displays a ﬂat 
core, not a cusp. This may solve the cusp problem. However, since the density de-
creases as r−1 at large distances, we may wonder whether the r−1 cusp observed 
in certain cases could not be an artifact of an insuﬃcient resolution at the center of 
the halo.In addition to these already encouraging results, the logotropic 
equation of state has a very interesting property. According to 
Eq. (18), the surface density of the logotropic sphere is given by
0 ≡ ρ0rh =
(
A
4πG
)1/2
ξh. (21)
Since the logotropic temperature A is the same for all the halos 
(a consequence of our approach where we view A as a funda-
mental constant), this implies that the surface density of the DM 
halos should be the same.9 This is precisely what is observed [10]. 
Using the value of the logotropic temperature given by Eq. (12), 
we get th0 = 141 M/pc2 which coincides with the best-ﬁt value 
obs0 = 141+83−52 M/pc2 of the surface density of DM halos [10]. 
This agreement is remarkable since there is no free parameter in 
our model. Furthermore, it is nontrivial since the constant A de-
pends, through Eqs. (11) and (12), on the Planck density ρP and 
on the cosmological density ρ . This suggests that there is some-
thing deep behind these relations.
There are interesting consequences of this result. According to 
Eq. (20), the mass of the halos calculated at the halo radius rh
is given by Mh = 1.490r2h . On the other hand, the circular ve-
locity at the halo radius is v2h = GMh/rh = 1.490Grh . Since the 
surface density of the dark matter halos is constant, we obtain 
Mh/M = 210(rh/pc)2 ∝ r2h and (vh/kms−1)2 = 0.905(rh/pc) ∝ rh . 
These scalings are consistent with the observations [14]. Further-
more, introducing the baryon mass Mb = fbMh where fb ∼ 0.17 is 
the cosmic baryon fraction [12], we get
Mb
v4h
= fb
1.490G2
= fb
θ ′(ξh)(4π AG3)1/2
. (22)
Therefore, v4h ∝ Mh which is the TF relation. More precisely, we 
predict (Mb/v4h)
th = 44 M km−4 s4 which is close to the observed 
value (Mb/v4h)
obs = 47 ± 6 M km−4 s4 [12] (we obtain a perfect 
agreement by taking fb = 0.18).10
The logotropic equation of state also explains the observa-
tion of Strigari et al. [13] that all dSphs of the Milky Way 
have the same total dark matter mass M300 contained within 
a radius ru = 300 pc, namely log(Mobs300/M) = 7.0+0.3−0.4. Using 
M300 = 4πρ0r30ξ2u θ ′(ξu), ξu = ru/r0 and r0 = rh/ξh , we obtain 
M300 = 4πρ0rh(r2u/ξh)θ ′ (ξhru/rh). The logotropic distribution has 
the asymptotic behavior θ(ξ) ∼ ξ/√2 for ξ → +∞ [25]. For the 
dSphs considered in [13], ξhru/rh  1 (see Table 2 of [31]) so 
θ ′(ξhru/rh) can be replaced by its asymptotic value 1/
√
2. This 
yields
M300 = 4π0r
2
u
ξh
√
2
= r2u
(
2π A
G
)1/2
, (23)
which is a constant, in agreement with the claim of Strigari et 
al. [13]. We note that the constancy of M300 is due to the univer-
sality of A. Furthermore, the numerical application gives Mth300 =
1.93 × 107 M , leading to log(Mth300/M) = 7.28 in very good 
agreement with the observational value.
9 This property comes from the scaling symmetry of Eq. (19) and is speciﬁc to 
the logotropic model. This is therefore a strong argument in favor of this model.
10 The TF relation is sometimes justiﬁed by the MOND theory [34] which predicts 
a relation of the form v4h = Ga0Mb between the asymptotic circular velocity and 
the baryon mass, where a0 is a critical acceleration. Our results imply ath0 = 1.72 ×
10−10 ms−2 which is close to the value aobs0 = (1.3 ± 0.3) × 10−10 ms−2 obtained 
from the observations [12]. Using the results of the Appendix, we have ath0  H0c/4
which explains why a0 is of the order of H0c. We emphasize, however, that we do 
not use the MOND theory in our approach.
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ously account for cosmological constraints (with the same level of 
precision as the CDM model) and explain properties of DM ha-
los (their minimum size Rmin, their surface density 0, their mass 
M300, and the TF ratio Mb/v4h) that were not explained so far. This 
may be a hint that DM and DE are the manifestations of a sin-
gle dark ﬂuid. The best illustration of this “uniﬁcation” is that we 
have obtained the value of A from cosmological constraints [see 
Eqs. (11) and (12)], and that this value accounts for the univer-
sality of the surface density 0 and mass M300 of DM halos [see 
Eqs. (21) and (23)], as well as for the TF relation [see Eq. (22)]. 
Assuming that this agreement is not a coincidence (the perfect 
agreement between the predicted values of 0, M300, Mb/v4h and 
the observations is a strong support to our approach), the next 
step is to justify the logotropic equation of state. A justiﬁcation 
from ﬁrst principles is beyond the scope of this paper. However, in 
the following section, we mention a connection with a notion of 
generalized thermodynamics.
4. Generalized thermodynamics
The logotropic equation of state was introduced phenomenolog-
ically in astrophysics by McLaughlin and Pudritz [35] to describe 
the internal structure and the average properties of molecular 
clouds and clumps. It was also studied by Chavanis and Sire [25]
in the context of Tsallis generalized thermodynamics [36] where 
it was shown to correspond to a polytropic equation of state of 
the form P = Kργ with γ → 0 and K → ∞ in such a way that 
A = γ K is ﬁnite. It is associated with a generalized entropy of the 
form
SL =
∫
lnρ dr, (24)
which is called the Log-entropy [25]. The free energy can be writ-
ten as FL = E − ASL , where E = (1/2) 
∫
ρ
 dr is the gravitational 
energy. A critical point of FL at ﬁxed mass M =
∫
ρ dr, determined 
by the Euler–Lagrange equation δFL − μδM = 0, where μ is a 
Lagrange multiplier (chemical potential), leads to the Lorentzian-
type distribution ρ(r) = 1/[α + 
(r)/A], where α = −μ/A. We 
can check that this equation is equivalent to the equation of hydro-
static equilibrium with the logotropic equation of state (6). When 
combined with the Poisson equation, we recover the Lane–Emden 
equation (19). These considerations show that A can be interpreted 
as a generalized temperature. This is why we call it the logotropic 
temperature. As a result, the universality of A (which explains the 
constant values of 0, M300 and Mb/v4h) may be interpreted by 
saying that the universe is “isothermal”, except that isothermality 
does not refer to a linear equation of state but to a logotropic equa-
tion of state in a generalized thermodynamical framework. If our 
model is correct, it would be a nice conﬁrmation of the interest of 
generalized thermodynamics [36] in physics and astrophysics.
5. Conclusion
We have proposed a heuristic uniﬁcation of DM and DE in 
terms of a single dark ﬂuid with a logotropic equation of state 
(LDF). According to our model, what we usually call DM corre-
sponds to the rest-mass density of the dark ﬂuid and what we 
usually call DE corresponds to the internal energy of the dark ﬂuid.
At the cosmological scale, the logotropic model is indistinguish-
able from the CDM model, so it successfully accounts for the 
same observational constraints. However, the logotropic model has 
a nonzero pressure which becomes important at the galactic scale. 
This yields a nonzero Jeans length which may explain the mini-
mum size Rmin ∼ 10 pc of DM halos. A nonzero Jeans length may also solve the missing satellite problem. In a logotropic DM halo, 
the logotropic pressure balances the gravitational attraction, pro-
viding a halo core. This may solve the cusp problem of the CDM 
model. On the other hand, the logotropic model generates a univer-
sal rotation curve that provides a good agreement with the Burkert 
proﬁle up to the halo radius. Furthermore, it implies that the sur-
face density of DM halos and the mass of dSphs enclosed within a 
sphere of ﬁxed radius are the same for all the halos, in agreement 
with the observations. It also implies the TF relation. Therefore, 
the logotropic model behaves like the CDM model at large scales 
(cosmology) where the CDM model is successful but solves the 
problems of the CDM model at small scales (astrophysics) where 
the CDM model fails.
The most striking property of the logotropic model is the fol-
lowing. Using cosmological observations, we have obtained the 
value of the logotropic temperature A = 2.13 ×10−9 gm−1 s−2 [see 
Eq. (12)]. It depends on all the fundamental constants of physics 
h¯, G , c, and on the measured values of H0 and m,0. It may be 
interpreted as a new fundamental constant that supersedes the 
cosmological constant . Then, applying the logotropic equation of 
state to DM halos, we found that the universality of A explains the 
universality of 0 [see Eq. (21)], Mb/v4h [see Eq. (22)] and M300
[see Eq. (23)] and predicts their observational values with great 
accuracy. Therefore, the logotropic model is able to account both 
for cosmological (large scales) and astrophysical (small scales) ob-
servations remarkably well. This may be a hint that DM and DE 
are the manifestation of a single dark ﬂuid. We have sketched pos-
sible justiﬁcations of the logotropic equation of state in relation to 
a notion of generalized thermodynamics. In this context, the pa-
rameter A appears as a generalized temperature. In this sense, the 
universe is “isothermal”.
The fact that the Planck density ρP enters in the logotropic 
equation of state (6) designed to model DM and DE is intriguing.11
It suggests that quantum mechanics manifests itself at the cosmo-
logical scale. This may be a hint for a fundamental theory of quan-
tum gravity. This also suggests that the logotropic equation of state 
may be the limit of a more general equation of state providing a 
possible uniﬁcation of DE (ρ) in the late universe and inﬂation 
(vacuum energy ρP ) in the primordial universe. These open ques-
tions are a strong incentive to study the logotropic model further 
in future works. The phantom properties of the logotropic model, 
as well as its scalar ﬁeld interpretation, will be considered in detail 
in a forthcoming paper. The connection of the logotropic ﬂuid with 
the very early universe, its interaction with radiation, and how the 
logotropic density is created should also be addressed.
Appendix A. Accuracy of A and B
Using  = (1 − m,0)0, 0 = 3H20c2/8πG and ρP = c5/G2h¯, 
we can rewrite the dimensionless temperature B from Eq. (11) as
B = 1
ln
(
ρP c2
m,00
)
− 1
= 1
ln
(
8πc5
3Gh¯m,0H20
)
− 1
. (A.1)
The parameter B depends on the fundamental constants G , c
and h¯, and on the observational values of H0 and m,0. However, 
its value is rather insensitive to the precise values of m,0 and 
H0 because these quantities appear in a logarithm. Therefore, B is 
11 The Planck constant h¯ = 1.05 × 10−31 gm2 s−1 appears in the expression of A
(see Eqs. (11) and (12)). A would be zero if h¯ = 0. It turns out that the ﬁnite value 
of h¯ determines a value of A that gives the correct values of 0, Mb/v4h and M300
from Eqs. (21), (22) and (23).
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der the form
B = 1
290.135− ln(m,0) − 2 ln
(
H0
km s−1Mpc−1
) . (A.2)
Even if we make an error of one order of magnitude on the values 
of m,0 and H0 (while these values are known with a good pre-
cision!), we get almost the same value of B . Therefore, the value 
of B given in Eq. (11) is fully reliable. Concerning the value of A, 
we have A = B(1 − m,0)0 = B(1 − m,0)3H20c2/8πG so the pre-
cision on A is the same as the precision on H0 and m,0. Typically, 
	A/A < 10−2.
On the other hand, we can rewrite Eq. (10) as
ρP
0
= m,0e1+
(1−m,0)0
A . (A.3)
Assuming that A can be treated as a fundamental constant, this 
equation determines m,0 for a given value of 0 deduced from 
the observations (from the measured value of H0). Similarly, in 
the CDM model, if we regard the cosmological constant  as 
a fundamental constant, we can obtain m,0 for a given value of 
0 from the relation c2/8πG = (1 − m,0)0.
Appendix B. Explicit expressions of the observational quantities
In this Appendix, we highlight the remarkable feature that all 
the universal properties of dark matter halos (small scales) such 
as 0, Mh/r2h , v
2
h/rh , v
4
h/Mb , a0 and M300/r
2
u can be expressed in 
terms of the fundamental constants h¯, G , c, and in terms of the 
cosmological (large scale) parameters H0 and m,0.
We have B = 1/[ln (8πc5/3m,0h¯GH20) − 1]. We introduce 
the notation χ = [3B(1− m,0)/2]1/2 = 6.20 × 10−2. Then A =
χ2c2H20/4πG = 3.06 × 10−4c2H20/G , 0 = χξhH0c/4πG = 2.89 ×
10−2H0c/G , Mh/r2h = χθ ′(ξh)H0c/G = 4.30 × 10−2H0c/G , v2h/rh =
χθ ′(ξh)H0c = 4.30 × 10−2H0c, v4h/Mb = χθ ′(ξh)GH0c/ fb = 4.30 ×
10−2GH0c/ fb , a0 = χθ ′(ξh)H0c/ fb = 4.30 × 10−2H0c/ fb , and 
M300/r2u = χH0c/
√
2G = 4.39 × 10−2H0c/G . Noting that  =
c2/8πG ,  = (1 − m,0)0 and H20 = (8πG/3c2)0, we obtain 
 = 3(1 − m,0)H20 = 2χ2H20/B = 1.13 × 10−35 s−2. Using this 
relation to express H0 (or m,0) in terms of , the previous ex-
pressions can be written equivalently in terms of h¯, G , c,  and 
H0 (or m,0).
Of course, these relations could also be obtained from simple 
dimensional analysis. However, dimensional analysis alone does 
not explain the physics behind these relations and could lead to 
different scalings. Furthermore, the prefactors cannot be obtained 
by dimensional analysis. The prefactors predicted by our theory are 
in very good agreement with the observations (see Sec. 3). This 
suggests that our theory is either correct or that the perfect agree-
ment with observations is an astounding coincidence.References
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